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Abstract 

In this paper, we successfully generalize the eigenvalue comparison theorem for the Dirich- 
let ;?-Laplacian {I < p < oo) obtained by Matei [A.-M. Matei, First eigenvalue for the p- 
Laplace operator, Nonlinear Anal. TMA 39 (8) (2000) 1051-1068] and Takeuchi [H. Takeuchi, 
On the first eigenvalue of the /j-Laplacian in a Riemannian manifold, Tokyo J. Math. 21 (1998) 
135-140], respectively. Moreover, we use this generalized eigenvalue comparison theorem to 
^ ' get estimates for the first eigenvalue of the Dirichlet /j-Laplacian of geodesic balls on complete 

\^ . Riemannian manifolds with radial Ricci curvature bounded from below w.r.t. some point. In 

the rest of this paper, we derive an upper and lower bound for the heat kernel of geodesic 
balls of complete manifolds with specified curvature constraints, which can supply new ways 
to prove the most part of two generalized eigenvalue comparison results given by Freitas, Mao 
and Salavessa in [R Freitas, J. Mao and I. Salavessa, Spherical symmetrization and the first 
CN ' eigenvalue of geodesic disks on manifolds, submitted (2012)]. 



1 Introduction 

By using the theory of self-adjoint operators, the spectral properties of the linear Laplacian on a do- 
main in a Euclidean space or a manifold have been studied extensively. IVIathematicians generally 
are interested in the spectrum of the Laplacian on compact manifolds (with or without boundary) 
or noncompact complete manifolds, since in these two cases the linear Laplacians can be uniquely 
extended to self-adjoint operators (cf. [ ]T^ , [Tl]]). However, the spectrum of the Laplacian on non- 
compact noncomplete manifolds also attracts attention of mathematicians and physicists in the 
past three decades, since the study of the spectral properties of the Dirichlet Laplacian in infinitely 
stretched regions has applications in elasticity, acoustics, electromagnetism, quantum physics, etc. 
Recently, the author has proved the existence of discrete spectrum of the linear Laplacian on a 
class of 4-dimensional rotationally symmetric quantum layers, which are noncompact noncom- 
plete manifolds, in [ [T8| ] under some geometric assumptions therein. 
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A natural generalization of the linear Laplacian is the so-called p-Laplacian below. Although 
many results about the linear Laplacian (p = 2) have been obtained, many rather basic questions 
about the spectrum of the nonlinear p-Laplacian remain to be solved. 

Let f2 be a bounded domain on an n-dimensional Riemannian manifold {M,g). We consider 
the following nonlinear Dirichlet eigenvalue problem 

ApU + X\u\P^^u = inO., 
^ u — on do., 

where ApU = div(| V^lg ^Vw) is the ;?-Laplacian with 1 < ;? < oo. In local coordinates {xi, . . .,x„} 
on M, we have 

where \Vu\^ = |Vm|^ = S^^j^.-§^.^ and {g^^) = (gij)^^ is the inverse of the metric matrix. 

A well-known result about the above nonlinear eigenvalue problem states that it has a positive 
weak solution, which is unique modulo the scaling, in the space Wq'^(Q), the completion of 
the set Cq{Q.) of smooth functions compactly supported on Q. under the Sobolev norm ||m||i,p = 

{/^(|m|^-|- \ yu\P)dQ.}p . For a bounded simply connected domain with sufficiently smooth bound- 
ary in Euclidean space, one can get a simple proof of this fact in [@]. Moreover, the first Dirichlet 
eigenvalue Ai ^(fl) of the p-Laplacian can be characterized by 



By using spherically symmetric manifolds as the model spaces and applying a similar method 
to that of the proof of theorem 3.6 in 0, we give a Cheng-type eigenvalue comparison result 



for the first eigenvalue of the p-Laplace operator in Section 3 - see Theorem for the precise 
statement. 

Besides the p-Laplacian, we also investigate the heat equation in this paper. Given an n- 
dimensional Riemannian manifold M with associated Laplace-Beltrami operator A. Then we could 
define a differential operator L, which is known as the heat operator, by 

dt 

acting on functions in {M x (0,°°)), which are w.r.t. the variable x, varying on M, and 
w.r.t. the variable t, varying on (0, oo) . Correspondingly, the heat equation is given by 

/ du \ 

Lu — I equivalently, Am — — = 1 , (1.3) 

with a G (M x (0,0°)). The heat equation, which could be used to describe the conduction of 
heat through a given medium, and related deformations of the heat equation, like the diffusion 
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equation, the Fokker-Planck equation, and so on, are of basic importance in variable scientific 
fields. 

In fact, by applying volume comparison results proved by Freitas, Mao and Salavessa in [^, 
we could obtain an upper and lower bound for the heat kernel, which could be seen as an extension 
to the existing results - see Theorem for the precise statement. 

The paper is organized as follows. In the next section, we will give some preliminary knowl- 
edge on the model spaces. Theorem |3.2| will be proved in Section 3. By using Theorem |3.2|, some 
estimates for the first eigenvalue of the Dirichlet p-Laplacian of a geodesic ball on a complete 
Riemannian manifold with a radial Ricci curvature lower bound w.r.t. some point will be given in 
Section 4. Some fundamental truths about the heat equation will be listed in Section 5. In Section 
6, we will prove Theorem ^3] and give new ways to prove the most part of two generalized eigen- 
value comparison results in [Q. In fact, this paper is based on a part (Section 2.7 of Chapter 2, 
Chapter 3) of the author's Ph.D. thesis M. 



2 Geometry of the model spaces and generalized Bishop's vol- 
ume comparison results 

One of the purposes of this paper is to give some inequalities for the first eigenvalue of the p- 
Laplace operator. In order to state our results here, we need to use some notions below, which have 
been introduced in in detail. 

For any point q on an n-dimensional {n > 2) complete Riemannian manifold M with the metric 
(■, ■)m and the Levi-Civita connection V, we can set up a geodesic polar coordinates (t,^) around 
this point q, where ^ G S^^^ C TqM is a unit vector of the unit sphere Sq^^ with center q in the 
tangent space TqM. Let ^q, a star shaped set of TqM, and d^ be defined by 

% = {t^\0<t<d^,^es"q-'}, 

and 

d^ =d^{q) :=sup{? >0| 7^(5) := expg(5'(^) is the unique minimalgeodesic joinings and 7^ (?)}. 

Then exp^ : ^q — t- M\Cut{q) is a diffeomorphism from ^q onto the open set M\Cut{q), with 
Cut{q) the cut locus of q, which is a closed set of zero n-Hausdorff measure. For 77 G (^^, we can 
define so-called the path of linear transformations A(f , ) : ^ — t- ^ by 

A(r,^)T] = (T,)-iy(0, 

with the orthogonal complement of {M(^} in TqM, where Xt : TqM — )• Tg^p^{tt,)M is the parallel 
translation along the geodesic 7^ (?) with /(O) = t,, and Y{t) is the Jacobi field along 7^ satisfying 
y(0) = 0, (Vry)(0) = 77. Moreover, set 

M{t)r] = (T,)-iM(.)(T,77) = (T,)-ii?(T/^(0,T.7])/^(0, 

where the curvature tensor R{X, Y)Z is defined by R{X, Y)Z = - [V^, VyjZ + ^[x,y]Z'- Then M{t) 
is a self-adjoint operator ont,^, whose trace is the radial Ricci tensor 

Ricciy^(,)(/^(0,/^(0). 
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Clearly, the map A{t, ^ ) satisfies the Jacobi equation A"+^A = with initial conditions A(0, E, ) = 
0, A'(0, (^) = /, and by applying Gauss's lemma the Riemannian metric of M can be expressed by 

ds^{expg{t^)) = dt^ + \A{t,^)d^ ^ (2.1) 

on the set exp^(^^). We consider the metric components gij{t,^), i,j > 1, in a coordinate system 
£,a} formed by fixing an orthonormal basis {rja.a > 2} of = T^S"^^^, and extending it to a 
local frame {(^a, a > 2} of 5"^^ Define a function 7 > on by 



r-' = ^M■■=^M8u]■ (2-2) 
Since : 5^^^ — )■ is an isometry, we have 

{d{&^Pq)t^{tria),d{exp^)f^{trih))M = {A{t,^){ria),A{t,^){rih))M, 

and so, 

V^ = detA(?,<^). 

So, by applying (^J]) and (|2!2|), the volume V{B{q, r)) of a geodesic ball B{q, r), with radius r and 



center q, on M is given by 



y(5(^,r))= / / v^J?J(T= / , / det(A(?,<^))jHJa, (2.3) 

where do denotes the {n — 1) -dimensional volume element on §"^^ = 5^^^ C TqM. Let in j{q) := 
d{q, Cut{q)) = min^ d^ be the injectivity radius at q. In general, we have B{q, in j{q)) C M\Cut{q). 
Besides, for r < in j{q), by ( ^3] ) we could obtain 



ylB(q,r))= f I det(A( t,^))dodt. 

Jo Js"g-^ 



Denote by r{x) = d{x,q) the intrinsic distance to the point qEM. Then, by the definition given in 
[|T5|], we know that for x G M\{Cut{q) U q) the unit vector field 

Vx '■= Vr(A:) 

is the radial unit tangent vector at x. This is because for any ^ E 5^^^ and to > 0, we have 
Vr(y^ (fo)) ~ ^ (^o) when the point 7^ (to) = exp^(?oi^ ) is away from the cut locus of q (cf. []T3|]). Set 

/(^) := supr(jc). (2.4) 

Then we have l(q) = max^ (cf. Section 2 of 0). Clearly, l{q) > inj{q). We also need the 
following fact about r{x) (cf. [p2||. Prop. 39 on p. 266), with (9,- = Vr as a differentiable vector (cf. 
], Prop. 7 on p. 47), 

(9^Ar-)- — ^ < (9rAr+ |Hessrp = -Ricci((9r, <9r), with Ar = <9^1n(v^). 
n — I 
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Then, together with (y^, we have 

7(0,^) =0, /(0,^) = 1. (2.6) 



The facts ( P3| ) and ( P^q ) make a fundamental role in the derivation of the so-called generalized 
Bishop's volume comparison theorem I below (cf. [T^]). 

We use spherically symmetric manifolds as our model spaces, which could be defined as fol- 
lows. 

Definition 2.1. (/0 [7^j A domain Q. = exp^([0,/) x S^^^) C M\Cut{q), with I < in j{q), is said 
to be spherically symmetric with respect to a point q E Q, if the matrix A{t,^) satisfies A{t,^) = 
f{t)I, for a function f e C^{[0,1]), I G (0,oo] with /(O) = 0, /(O) = 1, /|(0,Z) > 0. 

So, by ([2.ip, on the set Q. given in Definition ^?T] the Riemannian metric of M can be expressed 

by 

ds^{cxpg{t^)) = dt^ + f{t)^\d^\^, ^eS'^-\ 0<t<l, (2.7) 

with Id^f' the round metric on the unit sphere S"^^ C W\ Spherically symmetric manifolds were 
named as generalized space forms by Katz and Kondo [[T5|], and a standard model for such man- 
ifolds is given by the quotient manifold of the warped product [0,/) x /S"^^ equipped with the 
metric ([2.7|), where / satisfies the conditions of Definition |27l|, and all pairs (0, ^ ) are identified 



with a single point q (see \^). More precisely, an n-dimensional spherically symmetric manifold 
M* satisfying those conditions in Definition ^7T]is a quotient space M* = {[0,1) Xy^^-jS"^^) / ~ 
with the equivalent relation "~" given by 




1. 



This relation is natural, and we could just use [0,/) x y^^^^ ^ to represent this quotient. That 



is to say, M* = [0,1) x y^j) S" with f{t) satisfying conditions in Definition |2]T| is a spherically 
symmetric manifold with q the base point and ( p77| ) as its metric. This metric is of class C^, k>0, 
if / e C''((0, /)) and of class C''^^ at ? = 0, with vanishing 2(i-derivatives at ? = for all 2J < A: + 3 
(see p. 13). If Z = -|-oo and the metric is of class C^, then by proposition 38 of chapter 7 in 
we know that geodesies emanating from q are defined for all ? G M, which implies that M* 
is complete by the Hopf-Rinow theorem. If / is finite and /(/) = 0, then M* "closes". Besides, 
we could define a one-point compactification metric space M* = M* U {q*} by identifying all pairs 
(Z, ^ ) with a single point q*, and extending the distance function to q* such that d{q*, (t,^)) = l — t, 
where, for a fixed t, (t,^) could be used to represent a geodesic sphere dB{q, t) of radius t centered 
at q. Furthermore, if the metric ( [2.7[ ) could be extended continuously to the closing point, that is, 
at f = /, / is with /'(/) = — 1 and /"(/) = 0, then this one-point compactification metric space 
will be a Riemannian metric space. As the case of ? = 0, if / is of class C^+^ (k>0)att = I, with 
vanishing 2(i-derivatives at f = for a\\2d < k + 3 (of course, /(/) = 0, /'(/) = — 1 are included 
here), then the metric is of at the closing point t — I. Arguments similar to this part about the 
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regularity of the model spaces, spherically symmetric manifolds, can also be found in |T9|], but 
we still would like to recall these fundamental geometric properties here, which are necessary and 
convenient for us to explain and try to prove the results of this paper. For M* and r < Z, by 
we have 

y(5(^,r))=w„ f r-\t)dt, 
Jo 

and moreover, by applying the co-area formula, the volume of the boundary dB{q, r) is given by 

V{dB{q,r))=w,X-\r), 

where w„ denotes the [n — 1) -volume of the unit sphere S"~^ C M". A space form with constant 
curvature k is also a spherically symmetric manifold, and in this special case we have 



m = 



sin ^/kt 


1 = 


It 


k>0, 




1 = 


-|-oo 


k = 0, 


sinh\/^f 


1 = 


-|-cx> 


k<0. 



Under some constraints on the regularity of the warping function /, Freitas, Mao and Salavessa 
have proved an asymptotical property for the first eigenvalue of the linear Laplacian on spherically 
symmetric manifolds (cf. lemma 2.5 in [^). By using a similar method, we could improve it to 
the case of the nonlinear Laplace operator as follows. 

Lemma 2.2. Assume M is a generalized space form [0,/) x /S"^^ (with q EM as its base point) 
with f e C2([0, /)) and C^att = 0, /(O) = /'(O) = 0, /(O) = 1, closing att = l, i.e. f{l) - 0. We 
have 

(I) in case n = 2, if for some £ > 0, / G C^([0, / -|- e)), then lim^^;- X\,p{B{q,r)) = with 
\<p<2; 

(II) in case n > 3, if for some £ > 0, f E C^{[OJ + £)), then lim^^;- Ai^p(5(^, r)) = with 
\<p<3. 

Proof. Here we would like to follow the idea of lemma 2.5 in to prove our lemma. More 
precisely, we try to find a sequence {(pm} with G Wq'^ {B{q, r)) such that ||0„, — 1 1| i ^ — t- as 
m ^ oa and r ^ l^, and V0„, converges to for the same norm as m — )■ oo and r l^ . Then, 
together with (|0|), we have lim^^/- X\^p{B{q, r)) =0. Denote by Br := B{q, r) for r <l, which 
has a boundary, and by 5/ = M. Set V{r) := = /g^ 1. For any increasing sequence {Rm} 
with Rm 't I, Rm < Rm+i < h as in [^, we could define a continuous function : [0, /) — )• [0, 1], 
which is given by 



ymir) 



for n = 2, and 

ym{r) 



l-r 



m+1 



In 



l-Rn 



m+I 



Q<r<Rm, 

Rm ^ f ^ Rm+l-i 
Rm+l <r <l, 



1, 

0, 



< r < R,n, 

Rm ^ f ^ Rm+li 

Rm+l <r<L 
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for n>3. Clearly, (j),„{x) := y„i{r{x)) G Wq''^ [Br^^^^), where r{x) = d{q,x) is the distance to q for 
X E M. Recall that r{x) is Lipschitz continuous on all M with | Vr| < 1 a.e.. 

Assume that n = 2. By the assumptions on / and the Taylor's formula, we have f{s) = rj (s) {s — 
/) with 77(5) := /Q/'(/ + ?(5 — /))(i?aboundedfunctionfor5' close to/. Without loss of generality, 
choose GCm = and let Rm = I — oCm- Therefore, for 1 < p < 2, we have 

[\(^m~l\''<f \P = \M\-V{R,n)^0. as m^oo. 
Jm Jm\Br,„ 

Besides, since for s close to /, r\ (5) is bounded, there exists a constant Bi>Q such that for m large 
enough, we have \ r\{s) \ <B\, which implies 

2kB\ fRm+i 1 

— )-0, as m — )■ 00, (when/) = 2); 



In(^I^) ln(m+l) 



or 



2kBi {l-R,nf-P-{l-R^+if-P 



InBi 



(ml) 



(m+1)! 



{2-p) (ln(m+l))^ 



— )■ 0, as m — )■ 00, (whenl<p<2). 



Hence, together with (|L2|), we have lim^^/- X\^p{B{q, r)) = for 1 < p < 2 as n = 2. 
Now, assume that n>3. First, by the construction of above, we have for 1 < p < 3 



as m — 00. 



On the other hand, let F{s) = {f{s))"^K Then, for n>3, F{1) = F'{1) = 0. By applying the 
Taylor's formula for s close to Z, we have F{s) = F{1) +F'{l){l — s) + \if{sj){s — l)^, where 



V/(5,Z)= l\l-t)F"{l + t{s-l))dt. 
Jo 



For a sufficiently small e > 0, there exists a constant ^2 > such that | \ir{s, 1)\<B2 for | / — 5| < e. 
Let Rm = l — cc"^ with < a < 1 a sufficiently small constant, and then, for 1 < p < 3, we have 

. |V((^„-1)|P < -— ^ ' = X{f{sJ){s-iyds 

M \Km+ \—Km} \Km+ \—Km) J R,,, 



{Rm+x-R,nY JR.n (a'"-a™+i)^ 

as m — 7- 00. 



•m+l 



W.^2(l-«^)^„.(3-p)^0 

3(1 -a)/^ 



Hence, together with (|r2|), we have lim^^;- X\,p{B{q, r)) = for 1 < p < 3 as n > 3. Our proof is 
finished. □ 
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We also need the following notions, which could be found in [|9|, p^. 

Definition 2.3. Given a continuous function : [0, /) — > M, we say that M has a radial Ricci curva- 
ture lower bound {n — \ )k along any unit-speed minimizing geodesic starting from a point q E M 
if 

Ricci(v;„Vx) > {n-l)k{r{x)), G M\Cut{q), (2.8) 
where Ricci is the Ricci curvature ofM. 

Definition 2.4. Given a continuous function k : [0,/) — )■ M, we say that M has a radial sectional 
curvature upper bound k along any unit-speed minimizing geodesic starting from a point q EM if 

K{v^.V) < k{r{x)), Vjc G M\Cut{q), (2.9) 

where V J-Vx,V E S"^ ^ C T^M, and ^(v^, V) is the sectional curvature of the plane spanned by v^ 
and V. 

Remark 2.5. As pointed out in remark 2.4 of or remark 2.1.5 of [[T9|], for x = 7^(0^ since 
r{x) = d{q,x) = t and — Vr(x) — Vx, we know that the inequalities ( jZ^ ) and ( |2.9| ) become 



Ricci(^, ^)>{n — l)k{t) and K{^^,^) < k{t), respectively. Besides, for convenience, if a mani- 



fold satisfies ( P^ (resp., (R^), then we say that M has a radial Ricci curvature lower bound w.r.t. 
a point q (resp., a radial sectional curvature upper bound w.r.t. a point q), that is to say, its radial 
Ricci curvature is bounded from below w.r.t. q (resp., radial sectional curvature is bounded from 
above w.r.t. q). 

For a prescribed n-dimensional complete manifold M, we would like to construct the optimal 
continuous functions k±{qj) w.r.t. a given base point q E M, satisfying Definitions |23| and 
respectively. We first recall that, for ^ E S'^^^ C TqM, Y^{t) = exp^(?(^) and its derivative "/^{t) 

are depending smoothly on the variables (t,^). Let := {{t,^) E [0,°°) x 5J^^^|0 <t<d^} with 
closure©^ = {{t,£,) E [0,oo) x S'^^^lO <t<d^}. Then we could define 



k-{q,t):= mm_ — ^ 0< ?</(<?), (2.10) 



and 



k+{qj):= max ^r,M ( t" ^^h 0<t<inj{q). (2.11) 



If l{q) < +00, the above functions can be continuously extended to t = l{q) and t = inj{q), re- 
spectively. Furthermore, if M is closed, the injectivity radius in j{M) := min^^^^^ j(<?) of M is a 
positive constant. Clearly, in this case k±{q,t) are continuous, which can be obtained by applying 
the uniform continuity of continuous functions on compact sets. Therefore, for a bounded domain 
Q. C M, one could always find optimally continuous bounds k± {q, t) for the radial sectional and 
Ricci curvatures w.r.t. some point qEQ.. This implies that the assumptions on curvatures in Defini- 



tions and are natural and advisable. Especially, when M is a complete surface, then k± (q, t) 
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defined by ( |2.10D and ( |2.1 Ij ) are actually the minimum and maximum of the Gaussian curvature on 
geodesic circles centered at q of radius t on M. 

Now, we would like to give explicit expressions of the radial sectional and Ricci curvatures 
for any spherically symmetric manifold. To this end, we should use some facts about the warped 
product given in p2| ]. 

By proposition 42 and corollary 43 of chapter 7 in [|T]] or subsection 3.2.3 of chapter 3 in [^, 
we know that the radial sectional curvature, and the radial component of the Ricci tensor of the 
spherically symmetric manifold M* = [0, /) x ^(^^ the base point q are given by 



A' 

dt' 



m 



V ^ V) 
-{n-l 



J" it) 

' m ■ 



fit) 
' m 



for V 



1, 



(2.12) 



Thus, Definition |2]T] (resp.. Definition is satisfied with equality in ( [2.8D (resp., (|2.9[)) and 
k{t) = —f"{t)/f{t). From ( [2.12[ ), we know that, in order to define curvature tensor away from 
q, we need to require / G ((0,/)). Furthermore, if f"{0) = 0, and / is at ? = 0, then we 
have lim/^o^(0 = ~f"'{^)- Although Vr is not defined at ;c = ^, k{t) is usually required to be 
continuous at ? = 0, which is equal to require / to be dXt = 0. When n = 2, M* is a surface, and 
if I /'(f) I < 1, then the mapping 

(l){t,e) = {f{t)cose,f{t)sme,h{t)), 



with h{t) = Jq a/1 — {f{t)Y, defines an isometric embedding of M* into a surface of revolution in 
M^. If the Gaussian curvature of M* is negative at q, then no such local embedding exists near the 
base point q, since f'{t) > 1 near t = (see ( [2.12D ). 
Define a function 9{t,^) on M\Cut{q) as follows 



, m 



n-l 



(2.13) 



Then we have the following generalized Bishop 's volume comparison results, which correspond to 
theorem 3.3, corollary 3.4, and theorem 4.2 in [0 (equivalently, theorem 2.2.3, corollary 2.2.4 and 
theorem 2.3.2 in ]^). 



n— 1 



Theorem 2.6. (/^ |7P| /, generalized Bishop's volume comparison theorem I) Given ^ E S'^ 
TqM, and a model space M = [0,/) xyS"^^ w.rt. q^ , under the curvature assumption on the 
radial Ricci tensor, Ricci(Vx, Vx) > —{n — l)f"{t) / f{t) on M, for x = Y^ (f) = exp^(?(^) with t < 

min{J^,/}, the function is nonincreasing in t. In particular, for all t < min{J^,/} we have 
J{t^t,) < f{t). Furthermore, this inequality is strict for all t G (?o, h]> with <tQ < ti < min{<i^ , /}, 
if the above curvature assumption holds with a strict inequality for t in the same interval. Besides, 
we have 

V{B{q,ro))<V{Vniq-,ro)), 
with equality if and only ifB^q^ro) is isometric to y„(^^,ro). 



Theorem 2.7. 



[7^ , generalized Bishop 's volume comparison theorem II) Assume M has a 



radial sectional curvature upper bound k{t) — 



fit) 



w.r.t. q G M for t < P < min{m jc{q),l}. 



J. Mao 



10 



where in jc(g) = inf^ c^, with (c^) a first conjugate point along the geodesic (t) = exp^(tE,). 
Then on (0,/3) 



/ 



>0, V\g\it)>r-'{t), (2.14) 



fn-l 

and equality occurs in the first inequality at tQ G (0,j8) if and only if 



m 

on all of[Ojo]. 



■, A = /(f)/, 



3 A Cheng-type isoperimetric inequality for the p-Laplace op- 
erator 



We need the following proposition, which will be used in the proof of Theorem below. 
Proposition 3.1. Let T{t) be any solution of 

[\T'\P-^f{tY-^T"\ +)if{tY-^T\T\P-^ = 0, l<p<oo, (3.1) 

where f(t) > on the interval (0, j8 ). Then for % = T' we have that 91 1 (0, /3] < whenever we are 
given that r|(0,/3) > 0, and X > 0. 

Proof. Since f{t) > on the interval (0, /3), and 

\T'\P-^f{t)"-^T'{t) = -A t f{ty-^T\T\P-^dt, 

Jo 

the claim of the proposition follows. □ 



Denote by B{q,ro) the open geodesic ball with center q and radius ro of an n-dimensional 
Riemannian manifold M with a radial Ricci curvature lower bound {n— \)k{t) w.r.t. a point 
q E M, and let V„(^^,ro) be the geodesic ball with center q and radius ro of an n-dimensional 
spherically symmetric manifold M with respect to the point q defined by M := [0, /) x ^(^-j S"~^ 
with f{t) obtained by solving the initial value problem 



-fit) = kit) fit) , 0<t<ro, /I (0, ro) > 0, 

/(0)=0, 

/(0) = 1. 



We always assume ro < mm{liq),l} with Z(^) defined in (p^. In fact, we can prove the following 



Theorem 3.2. Suppose M is a complete n-dimensional Riemannian manifold with a radial Ricci 
curvature lower bound in — 1)^(0 = — ^" w.r.t. a point q, and M is an n-dimensional 
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spherically symmetric manifold with respect to a point q whose metric is given by Oi2.7\ ). Then, 
for \ < p < oo, we have 



'^l,p(5(<?,ro)) < Ai „(y„(<? ,ro)), 



(3.2) 



where ^i,p{-) denotes the first Dirichlet eigenvalue of the p-Laplacian of the corresponding geodesic 
ball. Moreover, the equality holds if and only ifB{q, rg) is isometric to Vn{q^ ,rQ). 

Proof. Let ^ be the nonnegative eigenfunction of the first eigenvalue of the Dirichlet p-Laplacian 
on V„{q^,ro). By ( |1.1[ ) and (|2.7[), the jc-Laplacian on the spherically symmetric manifold 
under the geodesic polar coordinates at is given by 



A, 



|V(. 



\p-2_ 



dt^ dt 



|V(. 



ip-2 



ht^^'-' 



m 



+ 



1 



dt fHt) 



A 



where Apg„-i denotes the p-Laplacian on the (n — 1) -dimensional unit sphere S" . Then the 
eigenfunction should be a radial function satisfying 

(p-l)|f(0|^^-V(0 + ('^-l)y|ylf(OI^"VW+Ai,p(y„(^^ro))|^ (3.3) 

and the boundary conditions 0(ro) = 0, ^'(0) = 0. Clearly, ( p.3p has the form of ([3.1[). 

Let r be the distance to the point q on M, and then o r vanishes on the boundary dB{q, ro). 
Hence, by ([L2|), we obtain 



XUB{q,ro))< 



J\d(l)or[ 



J\(l)or\P ' 

where we drop 5(^,ro) and volume element dB{q,ro) for the above expression. Let a{^) : = 
min{J^, ro}. Then, clearly, a{^) < ro and exp^^{d^ " is the cut-point of q along the geodesic 
7^ (t) = expg(?(^). Under the geodesic polar coordinates (t,^) around q ,we have 

■«(^) 

\d^or\P= I f \^\t)\Pxf"-\t)xe{t^)dt do, 



B{q,ro) 



10 o r| 



B{q,ro) 



n-I 



\(l>{t)\Pxf-\t)xe{t^)dt 



do. 



where do is the canonical measure of S"^^ = S^^^ and 9{t^) := A/det(^/j) x f^^"(t). 

On the other hand, since f{t) > 0, > for < ? < ro, by Proposition ^7T] we have (^'(?) < 
for < ? < ro. By straightforward computation, it follows that 

J \^\t)\Pxf"-\t)xd{t^)dt = -(^\(^\t)r'f'^-\t)e{t^)\f^+ J 



d 
dt 



[f'^-\t)e{tm'{t)r']r-\t)9{t^)dt 



(3.4) 
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[f{tr-'e{t^W{t)\p-'] 



f{tY-'e{t^)dt 

-W{t)rH{p-i)f{t)+ 



f(0 



(3.5) 



By (p^, we have d{tt,) = y^det{gij) x = 7" ^/^ "(?), which coincides with the function 

6 defined in ( |2.13p . Substituting this to ( p.5[ ) results in 



f{tr-^e{t^)dt 

{p-l)f{t)+ 



{n-l)f'{t) m fj{t) 

■ + (n-\} 



m 



(3.6) 



Since M has a radial Ricci curvature lower bound [n— ^)k{t) = — (n— \ )f"{t)/f{t) w.r.t. the point 
q, then by Theorem ([2 .61) and the fact /(O) = 0, /'(O) = 1, we have 



<0 



(3.7) 



for < ? < ro. 

Therefore, by (|]3j), (|3^, ( ^77| ) and the nonpositivity of (^'(?) on (0, ro), we have 







U 

■f-\t)e{t^)dt. 

Substituting ( ^ into (0) yields 



[r-\t)G{tm'it)r']r-\t)-e{t^)dt< J \^\PX,{Vn{q-,ro)) 



(3.8) 



\^\t)\pxf{tr-'x9{t^)dt<-mm^'iamp-'r-Ha{^))-e{am 



+ I \(l>\PXi,p{V„{q-,ro))f-Ht)-e{t^)dt. 



(3.9) 



Recall that > 0, and then from ( [3.9D we have 

I |f(Orx/(O"-ix0(^^)J?< I \^\PXiJVn{q-,ro))f{tr-'e{t^)dt 



and furthermore. 



r«(?) 

/ / \^'{t)\Pxr-\t)xG{t^)dt 



•n-l 



da < 



/. Mao 



13 



da. 



which implies Xi^p{B{q,ro)) < ?ii,p{Vn{q ,ro)). 

When equality holds, we have that a{£,) = tq for almost all ^ E S"^^K Hence a{^) = ro for all 
^. We can then conclude that J{t) = f{t), and by Theorem [2 .61, we know that 5(^,ro) is isometric 
to V„ {q^ , ro) . This completes the proof of Theorem □ 

Remark 3.3. We would like to point out the following facts about Theorem 

(1) Theorem is sharper than theorem 1.1 in [ PD| | or theorem 3 in [^3]]. In fact, if an n- 
dimensional complete Riemannian manifold M has a radial Ricci curvature lower bound {n — 
\-)k{t) w.r.t. a point q E M, where k{t) is a continuous function on the interval [0,ro), and let 
^0 := info<?<ro k{t), then by Theorem we have 



?ii^p{B{q,ro)) < ?ii,p{V„{q ,ro)) < Ai,p (V„(fco, ''o)) , 

where V„{kQ,rQ) is a geodesic ball with radius rg in the ^-dimensional space form with constant 
curvature ko, and the other symbols have the same meanings as those in Theorem However, 
by the theorem 1.1 in [EDp or the theorem 3 in one can only have 



M,p{B{q,ro)) < ?ii,p{Vn{ko,ro)). 



We will show this fact clearly by Example of the next section. 

(2) Our comparison result ( |3.2[ ) is valid regardless of the cut-locus, since the Lebesgue measure 
of the cut-locus is with respect to the n-dimensional Lebesgue measure of the manifold M, which 
implies that integrations over the cut-locus vanish. 

Corollary 3.4. Under the curvature conditions of the previous theorem, holding for all t <l{q) =1 
where M = [0, /) x /S"^^ ifM is closed andM^ also closes i.e. f{l) = and satisfies the condi- 
tions in Lemma^^ then for all ^, exp^(/<^) is a conjugate point of q, andlim^^i- Xi_p{B{q,r)) =0 
with \ < p <2 in case n = 2, or lim^^/- X\^p{B{q, r)) = with 1 < p <3 in case n>3. 

Proof. The latter conclusion follows from Theorem |]2] and Lemma p!2l . Moreover, by Theorem 
we have 7(/, ) = for all E S"^^, which implies that exp ) is a conjugate point of q. □ 



4 Estimates for the first eigenvalue of the p-Laplacian 



In this section, we would like to use Theorem ^3 ^^'^ some other existing estimates to get bounds 



for the first eigenvalue of the ;?-Laplacian of geodesic balls on a Riemannian manifold with radial 
Ricci curvature bounded from below w.r.t. some point. Before that, we need the following concept. 

Definition 4.1. The Cheeger constant h{Q.) of a domain Q (with boundary) is defined to be 

h(n) :=inf — f , 
^ ^ £1' vol(a') 

where Q' ranges over all open submanifolds ofQ. with compact closure in Q. and smooth boundary 
do!, and \o\{dQl) and vo\{Ql) denote the volumes ofdQ.' and Q' respectively. 



J. Mao 



14 



Theorem 4.2. (/|7^ For an}; bounded domain ^l piecewise smooth boundary in a com- 
plete Riemannian manifold, we have 

v(o)>(^f*)^ 

Let D vary over all smooth subdomains of ^ whose boundary dD does not touch dO., and 
define the Cheeger quotient of D as Q{D) := vo\{d D) / vo\{D) . We call a subset w of Q a Cheeger 
domain of Q. if = /^(Q). The existence, (non)uniqueness and regularity of Cheeger domains 
are interesting and important topics in Differential Geometry, but here we do not want to focus 
on them. Generally, it is difficult to get the Cheeger domain for a prescribed domain on a general 
Riemannian manifold. But for some special cases, it is not difficult. For instance, the Cheeger 
domain w for a unit square 5i C is a square with its comers rounded off by circular arcs of 
radius p = (4 — 2^/7^) /(A — n), which has been pointed out in [[T6|]. Especially, for a ball Br with 
radius R in the Euclidean n-space M", its Cheeger domain coincides with itself, which implies that 
its Cheeger constant is h{BR) = n/R. 

In [0], Grigor'yan has obtained estimates for the so-called principal p-frequency {\ < p <°°) 
of geodesic balls on spherically symmetric manifolds. The principal p-frequency there is actually 
the first eigenvalue of the p-Laplacian. More precisely, if Br = Vn{q^ ,R) be a geodesic ball cen- 
tered at the point q with radius R on the prescribed n-dimensional spherically symmetric manifold 
M with the metric (p7|), then the first eigenvalue Xi^p{Br) of the p-Laplacian of this geodesic ball 
satisfies 

apmp{BR) < Xi^p{Br) < mp{BR), (4.1) 

where mp{BR) and ap are given by 

. , 1 
mp{BR) 



sup\f^f{tr-idt\f^f{t)i^dt'' ' 



and 

(p-\)P-'p-P, if p>\ 
1, if P = l, 



ap 



respectively (cf. sections 2 and 7 in [[T4]]). 

Hence, by Theorem Theorem and (|4.ip, we have the following estimates. 



Theorem 4.3. Let M be a complete n-dimensional Riemannian manifold with a radial Ricci cur 

fit 



vature lower bound {n — l)fc(?) = — IK ^'^ w.r.t. q G M. Then, for any 1 < p < oo, the first 



Dirichlet eigenvalue Xi_p{B{q,R)) of the p-Laplacian of the geodesic ball B{q,R) on M satisfies 

(MBi^y < hAB{q,R)) < mpiBRl (4.2) 

where h{B{q,R)) is the Cheeger constant of B{q,R), and mp{BR) is defined in ( pT/l ). Especially, 
when M = M", we have 

< ^i,p{B{R)) < C{n,p,R) (4.3) 
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for any ball B{R) C with radius R, where C{n,p,R) is given by 

«7^P, 



C{n,p,R) 



np-p ; 
n P-" ■{p-l)P-^-RP 



n = p. 



Here we would like to use an example given in [ |T9| ] to show that our Theorem ^3] is useful. 



Example 4.4. In general, it is difficult to get the Cheeger constant of a geodesic ball on a curved 
manifold. So, for a Riemannian manifold with a radial Ricci curvature lower bound w.r.t. some 
point, ( |4!2| ) may not give us any interesting information on the lower bound for the first eigenvalue 
of the p-Laplacian, while it could give us an upper bound numerically by using Mathematica. 

Denote by the 3-dimensional Euclidean space with a Cartesian coordinate system {x,y,z} 
with the origin o. Now, consider a circle ^ in the xoj-plane given by {x— 1 )^ + = 1/4, and then 
rotating it w.r.t. the j-axis results in a ring torus ^ with the major radius 1 and the minor radius 
0.5. Of course, we could parameterize the torus ^ in by 

x = { \ +0.5 cos v) cos M, 
J = (1 +0.5cosv) sinM, 
z — 0.5 sin V, 

with M, V G [0, In). So, the Gaussian curvature of ^ is given by 



K 



4cosv 
2 + cosv' 



vG [0,2;r). 



Now, we want to use our estimates ( )4-.2[ ) to give an upper bound for the first eigenvalue of the p- 
Laplacian on a geodesic ball B{q, 5) with radius d and center qE ^ . Here we choose < 5 <Tz/2, 
otherwise the geodesic ball will overlap. According to the position of the point q, we divide into 
three cases to derive the upper bound here. 

Case (I): If q is one of those points which are most far way from the j-axis, that is, q locates on 
the circle Ci in xoz-plane defined by jc^ = 9/4. Without loss of generality, we can choose q to 
be the point (3/2, 0, 0), which implies that q is also on the circle 'io. 

In this case, the parameter v satisfies v = at ^. Define a function k{v) := 4cosv/ (2 + cosv), 
which is decreasing on the interval [0, 7t] and increasing on the interval {k, 2k) . Clearly, ^(v) attains 
its minimum k,„i„ = —4 at v = :;r. At the point (1/2,0,0), say q, of the circle ^, the parameter v 
attains value n. We know that the two arcs of ^ starting from q are two geodesies of 5^, and 
if we move away from q on ^ with a distance t (0 < t < n/l), the angle parameter v increases 
or decreases most quickly, with a quantity 2t, along these two arcs. Therefore, for the function 
^(v) defined above, together with its monotonicity on the interval [0,2;r), we have the Gaussian 
curvature K satisfies 



K> 



4cos2r 
2 + cos 2?' 



(4.4) 



where t 



bound 4,^,,. 



d(q, ■) is the distance to q on This implies that the best sectional curvature lower 
't) can be chosen to K^^weri^) = 4cos2?/(2 + cos2?). 
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Case (II): If q is one of those points which are nearest to the y-axis, that is, q locates on the 
circle C2 in jcoz-plane defined by + = 1/4. Without loss of generality, we can choose q to be 
the point ( 1/2, 0, 0), which implies qE^. 

In this case, by using a similar method as in Case (I), the Gaussian curvature K satisfies 

K > -4, (4.5) 

which implies that the best sectional curvature lower bound Kf^^^^{t) can be chosen to be Kf^„^^{t) = 
-4. 

Case (III): If q is neither a point on the circle C\ nor a point on the circle C2. Without loss 
of generality, we can choose ^ to be a point, which is different from the points (3/2,0,0) and 
(1/2,0,0), on the circle ^. 

Assume v = a at ^ with 0<a<;ror;r<a< 2k. By the symmetry of 2^ w.r.t. the .x;o3;-plane, 
without loss of the generality, we can assume < a < ;r. In this case, by using a similar method 
as in Case (I), the Gaussian curvature K satisfies 

4cos(a+2f) (\< t ^ 

2+cos(a+2r) ' ^ ^ ' ^ 2 ' 

K > { (4.6) 

-4, ZL_«<^<|, 

which implies the sectional curvature lower bound Kf^,^^,gri^) can be chosen to be 

( 4cos(o!+2/) 



4cos(o!+2r) n <^ f <^ ;r-« 

2+cos(a+2f) ' ^ ^ ' ^ 2 ' 



t, 2 ^ ' ^ 2' 

Correspondingly, by using Mathematica to solve the initial value problem 

/.(0)=0, 

/;'(0) = 1, 1,2,3, 

with, without loss of generality, choosing a = itjl for ^g^^M), we can get f\{t) numerically for 
the above three cases, and then the upper bounds for the first eigenvalue follow easily (see Table 1 
below). Actually, one could get the graphs of f\ (t), fzit), and /^{t) as Figure 1 below. 

Correspondingly, the model surfaces for the geodesic ball B{q, tq) in the above three cases can 
be chosen to be Mr := [0,ro) x^,.(,) §«-i (/= 1,2,3). Since if ^^,,(0 < < ^L.,-(0 for 

<t < tq, then by the Sturm-Picone comparison theorem, we know that /2(0 < /3(0 < for 
< t < ro (see also Figure 1). As we have pointed out in Section 0, if the Gaussian curvature is 
nonnegative around q E then the model surface could be locally embedded into a surface of 
revolution in R^. So, here we could only get a picture for by using Mathematica. One can 



see Figure 2 in (equivalently. Figure 2.3 in [|T9]]) for the graph of . When f'{t) starts to be 
greater than 1 for some t = to, the model surface stops being isometrically embeddedable in R^, 
which implies that its picture can not be drawn when t > Iq. We call this Iq ''stopping time". The 
''stopping time" to for our model surface here is to ^ 1.097 (cf. example 6.1 in ^ or example 
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Figure 1 : Graphs of fi it) ; the lowest one (brown) is f\ (t) while the highest one (blue) is /2 (?) , and 
the middle one (red) is /3(f). 



2.5.1 in [[T9|]). For more information about the properties of the model manifolds of prescribed 
manifolds, one could see |T9|] in detail. 

Without loss of generality, we can choose a = ;r/2 in Case (III). Denote the upper bounds of 
the first Dirichlet eigenvalue of the jc-Laplacian in the above three cases by JMl, JM2 and JM3, 
respectively. Then, for different p and 5, we have the following Table 1. 

Table 1 Numerical values of the upper bounds of the first Dirichlet eigenvalue of the p- 
Laplacian 







5 - JL 
^ 94 


5 - JL 
^ 1?, 


5 = f 


5 = 1 


5 = f 


" 1?, 




P = 


1.1 


27.1285 


12.5875 


5.76216 


3.615235 


2.63716 


2.18278 




P = 


1.5 


129.804 


45.6551 


15.8426 


8.43068 


5.41996 


3.98597 


JMl 


P = 


= 2 


633.49 


157.585 


38.6834 


16.7921 


9.29658 


6.02468 




P = 


2.5 


2643.65 


465.081 


80.7606 


28.6185 


13.6868 


7.87571 




P = 


2.9 


7788.71 


1038.53 


136.711 


41.1932 


17.5401 


9.19918 




P = 


1.1 


27.3318 


12.9637 


6.43987 


4.52941 


3.69959 


3.27638 




P = 


1.5 


130.731 


46.9574 


17.6385 


10.5314 


7.67446 


6.24665 


JM2 


P = 


= 2 


637.815 


161.89 


42.9072 


20.8735 


13.1648 


9.60296 




P = 


2.5 


2661.1 


477.379 


89.3207 


35.4141 


19.3209 


12.609 




P = 


2.9 


7839.06 


1065.42 


150.92 


50.8147 


24.6856 


14.7308 




P = 


1.1 


27.1916 


12.7303 


6.13046 


4.27308 


3.53423 


3.17492 




P = 


1.5 


130.086 


46.1295 


16.7496 


9.8136 


7.1877 


5.93221 


JM3 


P = 


= 2 


634.785 


159.108 


40.7077 


19.3037 


12.1299 


8.9332 




P = 


2.5 


2648.82 


469.358 


84.735 


32.6294 


17.6292 


11.5564 




P = 


2.9 


7803.57 


1047.8 


143.195 


46.7425 


22.4114 


13.3865 



Table 1 makes sense, since it is difficult to compute the first Dirichlet eigenvalue of the p- 
Laplacian on a geodesic ball of ^, but, this table supplies us a range for the first eigenvalue. 

For Case (I) and Case (III), the lower bounds of the Gaussian curvature w.r.t. the base point 
^ G =^7 are given by continuous functions of the distance parameter t, which are not constant 



functions. By (1) of Remark p3i we know that if we apply Theorem then the corresponding 
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estimates for the first eigenvalue of the j!?-Laplacian will be sharper than the estimates obtained by 
using theorem 1 . 1 in [ PD| ] or theorem 3 in . Of course, one could also use other examples about 
elliptic paraboloid and saddle shown in ^ to show the advantage of our Theorem p?2| , but, this 
example about torus is enough. 

In addition, for given n, p and R, estimates ( p3[ ) give an interval where the first Dirichlet 
eigenvalue of the p-Laplacian on the ball B{R) C W locates. Although, in [^, the authors there 
have shown that one could get the approximate value of the first eigenvalue of the p-Laplacian of 
the ball B{R) in the Euclidean space via the inverse power method, we still think ( ]4J| ) is useful, 
since it can be used to check the validity of this approximate value of the first eigenvalue at the 
first glance. 



5 Some facts about the heat eqaution 

If we want to get the existence, or even give an explicit expression, of the solution for the heat 
equation (Of) with a prescribed initial condition or (Dirichlet or Neumann) boundary condition. 



we need to use a tool named heat kernel. 

Definition 5.1. A fundamental solution, which is called the heat kernel, of the heat equation on a 
prescribed Riemannian manifold M is a continuous function H{x,y,t), defined on M xM x (0,0°), 
which is with respect to x, with respect to t, and which satisfies 

LxP = 0, lunH{x,y,t) = dy{x), 

where 8y{x) is the Dirac delta function, that is, for all bounded continuous function f on M, we 
have, for every y EM, 

hmj H{x,y,t)f{x)dV{x)=f{y). 

By constructing a parametrix, the existence of the heat kernel on compact or complete Rie- 
mannian manifolds, or even manifolds with boundaries subject to either Dirichelt or Neumann 
boundary conditions could be obtained (see, for instance, [Q]). In fact, for a complete Riemannian 
manifold, one could have the following. 

Theorem 5.2. (/|2?|/j Let M be a complete Riemannian manifold, then there exists a heat kernel 
H{x,y,t) eC^iMxMxW^) such that 

(I) H(x,yj)=H{y,xj), 

(II) \imH{x,y,t) = 5x{y), 

(III) {A--^)H = 0, 

(IV) H{x, y, t) = J^H{x, z, t - s)H{z, y, s)dV{z). 

In the next section, we would like to focus on the heat kernels of geodesic balls on complete 
manifolds, and successfully obtain a comparison result, which could be seen as an extension of 
Debiard-Gaveau-Mazet's comparison result in and Cheeger-Yau's comparison result in [|]], for 
the heat kemel with a Dirichlet or Neumann boundary condition - see Theorem F3| for the precise 



statement. There is a connection between the heat kemel and the eigenvalues of the Laplace 
operator. One could get a glance about this relation from the following conclusion (cf. [Q], p. 
169). 
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Theorem 5.3. (The Sturm-Liouville decomposition for the Dirichlet eigenvalue problem) Given 
a normal domain Q. in a Riemannian manifold M, there exists a complete orthonormal basis 
{01, 02, 03, ■ ■ ■ } ofL^{Q.) consisting of Dirichlet eigenfunctions of the Laplacian A, with having 
eigenvalue Xj satisfying 

< Ai < A2 < A3 < ■ ■ ■ t oo. 
In particular, each eigenvalue has finite multiplicity, and 

0j GC°°(a)nc^(a), 

where C^(Q) is the set of functions v satisfying that v is on Q., and could be extended to a 
continuous function on and moreover, the gradient gradv can be extended to a continuous 
vector field on Q.. 

Finally, the heat kernel H{x,y,t) on Q satisfies 

00 

H{x,yj)='£e-^^'^j{x)^j{y), 
with convergence absolute, and uniform, for each t > 0. In particular. 



/ H{x,x,t)dV{x) = Ye-^j' 



By using Theorem ^3] and the comparison result for the heat kernel, Theorem we could 
supply another ways to prove the most part of theorems 3.3 and 4.4 in [|^] - see Theorem |0| for 
the precise statement. 



6 Estimates for the heat kernel 

As before, for a complete n-dimensional Riemannian manifold M, denote by B{p, ro) the open 
geodesic ball with center p and radius ro of M. Let V„(p^, rg) be the geodesic ball with center p 
and radius of an n-dimensional spherically symmetric manifold M = [0, /) x /S"^^ with respect 
to p^ , and let V„(/>+,ro) be the geodesic ball with center p+ and radius ro of an n-dimensional 
spherically symmetric manifold M+ = [0,/) x /S"^^ with respect to p^, where the model spaces 
A/+ and M could be determined by the upper and lower bounds of the radial sectional and Ricci 
curvatures w.r.t. the given point p E M. This fact has been shown in the previous sections. Denote 
by H{p,y,t) the heat kernel on M, and by and H^{p^ ,q,t) the heat kernels on M+ 

and M , respectively. In this section, we would like to give an upper and lower bound for the heat 
kernel. However, before that, we need to use the following facts in [^. 

First, we need the following concept, which is used to describe model spaces considered in [^. 

Definition 6.1. An n-dimensional manifold is an open model, if the following conditions hold: 
(I) For some x G and < R < 00, = B{x,R) (the open ball of radius R about x) and 
exp^ \Bo{R), with Bq{R) C Tx^", is a diffeomorphism. 
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(II) For all r < R, the mean curvature of the distance sphere r) is constant on 5(x, r). 
Moreover, a model is an open Ricci model if its metric, when written in polar coordinates, is 
of the form 

dr^ + f\r)h, 

where h is the standard metric on S"^ ^ . A compact Riemannian manifold is a closed model 
(resp., closed Ricci model) if, for some x, ^ = B{x,R) and B{x,R) is an open model (resp., Ricci 
model). 



Clearly, by Definition pTT] , we know that a spherically symmetric manifold with must be an 
open or closed Ricci model. 

We also need the following lemma which shows us the positivity of the heat kernel. 

Lemma 6.2. ([^) Let Q. be a domain in a Riemannian manifold. Then for either Dirichlet or 
Neumann boundary conditions, the heat kernel II{x, t) on Q. satisfies II{x,y,t) > Ofor t > 0. 

By proposition 2.2 and lemma 2.3 of @, we have the following lemma. 

Lemma 6.3. (I) Let be an n-dimensional open model ( with Dirichlet or Neumann bound- 
ary conditions) or a closed model. Then its heat kernel H{x,yj) = II{d{x,y)j) depends only on 
variables r : = d{x,y) and t, with d the distance function on 

(II) Conversely, let = B{x,R) or B(x,R), and assume that B(x,R) is complete. Then if the 
heat kernel H{x,y,t) depends only on on variables r := d{x,y) andt, it follows that is a model. 

(III) Let be a model, and let II{r,t) be the fundamental solution of the heat equation (with 
respect to Dirichlet or Neumann boundary conditions if is open). Then, for all r,t > 0, we 
have 

^H{r,t)<0. 
or 

By Lemma |0| , we have the following. 

Corollary 6.4. For the model space M+ ( resp., M^), its heat kernel //+ {p^ , J, = ^+ (^i 1 ( resp., 
II-{p^ ,y,t) = H-{r2j) ) depends only on variables ri := d^+^P'^ ^y) (resp., r2 '■= dM-{p ,y)) and 
t, where dn^+ ( resp., dfi^- ) denotes the distance function on A/+ ( resp., M^). Moreover, for all t>Q, 
we have 

^ -H+{ri,t) <0, (resp., ^//_(r2,0 < 



ori \ or2 

We also need the following strong maximum (resp., minimum) principle (cf. [0], p. 180). 

Theorem 6.5. Given a Riemannian manifold M with the Laplacian A, and the associated heat 
operator L = A — ^. Let u{xj) be a bounded continuous function on M x [0, T], which is with 
respect to the variable x E M, and with respect to t E [0, T], and which satisfies 

Lu>0 (Lu < 0) 
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onM X (0, T). If there exists (xo^to) in M x (0, T] such that 

m(xo,?o) = sup u{x,t), I resp., m(xo7^o) = inf u{x,t) 

Mx[0,T] V Mx[0,T] 

then 

u\M X [0,fo] = u{xo,to). 

Clearly, the heat equation satisfies both the strong maximum principle and the strong minimum 
principle, which implies that the solution of the heat equation can only achieve its maximum or 



minimum on the boundary M x (0, T] — M x (0, T] . One could easily get a proof of Theorem p31in 
when M is diffeomorphic to a domain in Euclidean space. By a standard continuation argument, 

then one could get a proof for an arbitrary manifold M. 

By applying Theorems |2!^ and Corollary and Theorem we can prove the following. 

Theorem 6.6. If M is a complete n-dimensional Riemannian manifold with a radial sectional 

f"(t) 

curvature upper bound k{t) = w.r.t. a point p G M, then, for ro < min{m j{p)J}, we have 

H{p,y,t)>H^{dM+{p+,q),t) (6.1) 

holds for all {y,t) G 5(p,ro) x (0,oo) with d^+^p^ ,4) = dM{p,y) for any q G A/+, where dM+ and 
dM denote the distance functions on and M, respectively. The equality in ( |(5.i[ j holds at some 
(3^07^0) G B{p,ro) X (0,00) if and only ifB^p.ro) is isometric to y„(p+,ro). 

On the other hand, if M is a complete n-dimensional Riemannian manifold with a radial 
Ricci curvature lower bound {n — \)k(t) = ~^'~~y^Y^ w.r.t. a point p E M, then, for all (yj) G 



B{p,ro) X (0,00) and ro < mm{l{p),l} with l{p) defined as in ( |2.4 ), we have 

H{p,y,t)< H {dM- {p- , ^) , (6.2) 
with d^-ip^ ^q) = dM{p,y) for any q G M , where d^- and dM denote the distance functions on 



M and M, respectively. The equality in ( |(5.2D holds at some (yoJo) ^ B{p,rQ) x (0,°°) if and only 
ifB{p,rQ) is isometric to Vn{p'^ ^ro). 

(The boundary condition will either be Dirichlet or Neumann.) 



Proof. By the assumptions on curvatures in Theorem we know that the model space M+ = 
[0,/) X /S"^^ or = [0,/) X /S"^^ is determined by solving the initial value problem 

f"{t)+k{t)f{t)=0, 
/(0)=0, 
/(O) = 1. 

Now, assume that the radial sectional curvature ofM is bounded from above by a continuous 
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function k{t) = ~f"{t)/ f{t) w.r.t. p G M. By applying Theorem ^]2|, we have 

H{p,y, t) - H+{dM+ {p^,q),t) = H{p,y, t) - H+{dM{p,y),t) 
= H{p,y,t)-H4ri{p,y),t) 

- / X(p r ) ^ (i^. 2) ' ^ - ')H{z, y, s)] dV {z)ds 

^ - f [ ^[H+{n{p,z),t-s)]h{z,y,s)dV{z)ds 

Jo JB{p,ro) OS 

+ H+{n{p,z),t - s)^{z,y,s)dV{z)ds 

Jo JBip.ro) OS 



/ / AM+H+{ri{p,z),t-s)H{z,y,s)dV{z)ds 

Jo JB{p,ro) 

[ [ H+{ri{p,z),t-s)AMH{z,y,s)dV{z)ds, 

Jo JBip.m) 



+ 



where Af^+, are the Laplace operators on M+ and M, respectively. Since tq < min{m j{p),l}, 
by applying Green's formula, and using either Dirichlet or Neumann boundary condition, we have 

/ H+{ri{p,y),t)-AMH = f AMH+{ri{p,y),t) -H. 

JB(p,rn) JB(p,rn] 



So, we obtain 



H{p,yj)-H+{dM+{p^,q)j)= I I [AMH+{rut - s) - AM+H+{ri{p,y), 

Jo JB{p,ro) 

t-s)]-H{z,y,s)dV{z)dt. (6.3) 

On the other hand, in the geodesic spherical coordinates near p or p+, for function of ri{p,y) = 
dM+{p^,q) = dM{p,y),^Q have 



[detA{ru^)]' d _ {V\S\) d 



W — — 9 ~l TTTT — — — 9 + 



dri^ detA{ri,^) dri dri^ dn' 
where A(ri, i^) is the path of linear transformations defined in Section ^ and \/\g\ is defined as 



(P^. So, by Theorem we have 



AMH+{ri,t-s)-AM+H+{ri{p,z),t-s) 



\g\ f-'in) 



^ > 0. (6.4) 
ori 



Substituting ( |0] ) into (|0|), together with Lemma we obtain 

H{p,yj) -H+{dM+{p^,q),t) > 0, 
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which implies (|6.1|). When equality in ( |6.1D holds at some (jo? ^o) ^ B{p, ro) x (0, 0°), by Theorem 
we know that h{p,y,t) = H^^d^+^p^ ,q),t) = h{p,yoJo) on 5(p,ro) x [0,fo]- Together with 
dot), we know that 

holds on ro) . Then by Theorem p/Tj we have 

A{n,^) = f{n)i 

for all ri < ro, which implies that B{p, ro) is isometric to V'„(p+, ro). 

Now, assume that the radial Ricci curvature of M is bounded from below by a continuous 
function {n— l)k{t) = — {n — l)f"{t)/ f{t) w.r.t. p EM, and ro < min{Z(j!?),/}. Since the geodesic 
B{p, ro) maybe has points on the cut-locus, which leads to the invalidity of the path of linear 
transformations A, we need to use a limit procedure shown in to avoid this problem. As the 
previous case, by applying Theorem |S!2| , we have 

H{p,y,t) - H-{dM-{p^ ,q),t) = H{p,y,t) - H-{dM{p,y),t) 
= H{p,y,t)~H4r2ip,y),t) 

^ - f [ ^[H^{r2{p,z),t-s)]H{z,y,s)dV{z)ds 
Jo JB{p,n)) OS 

+ / / H^{r2{p,z),t-s) — {z,y,s)dV{z)ds. (6.5) 

Jo JB{p,rQ) OS 

For any G Sp^^ C TpM, let g{^) := mm{d^,ro} with d^ defined in Section ^ Clearly, g{t,) is 
a continuous function on the unit sphere S'^^. As in [|5|], one could choose a sequence of smooth 
functions on 5^^^ with ge{^) < g{^) for any £, e 5^"^ such that g£ converges uniformly to g 
as e — 7- and the set 

Ve = {cxpM)\^<Sem 



is compact. Clearly, Vg is within the cut locus of p. So, the expression ( |63| ) becomes 

H{p,yj)-H^ {dM- ip' .q)j)=H (x, y, t) - H (rj (p, j) , t) 
= \im\-[' [ ^[H4r2{p,z),t-s)]H{z,y,s)dV{z)ds 

£^0 I Jo JVe OS 

dH 



f [ H4r2{p,z),t-s)^{z,y,s)dV{z)ds] 

Jo JVe OS J 

lim j- r / Aj^-[H^{r2ip,z),t-s)]H{z,y,s)dV{z)ds 

E^O I Jo Jy^ 

+ f [ H^{r2{p,z)j - s)AMH{z,y,s)dV{z)ds], 
Jo Jvp 
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where Ayi^- , Am are the Laplace operators on M and M, respectively. Then, similar to the previous 
case, by applying Theorem 12^ and Corollary we could obtain 



= limj/" I [AMH-{r2j-s)-AM-H^{r2ip,z)j-s)]h{z,y,s)dV{z)dt 

e^O I Jo JVp 




dH 

-^H{z,y,s)dV{z)dt } < 0, (6.6) 
clr2 



with the function 7(r2,(^) defined as (P^, which implies (|^^. When equality in ( |^^ holds at 
some (jo,^o) ^ B{p,ro) x (0,°°), by Theorem we know that H{p,y,t) = H-{dM-{p^ ,q),t) = 
H{p,yQ,tQ) on 5(p,ro) x [0,fo]- Together with (|^^, we know that 

[r-\r2,^y{ _ [r-\r2)\' 

holds on B{p, tq). Then by Theorem we have 

A(r2,^)=/(r2)/ 

for all r2 < ro, which implies that B{p,ro) is isometric to V„{p^ ,ro). Our proof is finished. □ 

Remark 6.7. In fact, the completeness of the prescribed manifold M is a little strong to get the 
comparison results ( |5.1[ ) and ( |6.2D for the heat kernel. In [Q, Cheeger and Yau have shown that 
if the injectivity radius at some point p of a prescribed manifold M is bounded from below, then, 
under the assumptions on curvature therein, a lower bound could be given for the heat kernel of 
geodesic balls on M. However, here we prefer to assume that the prescribed manifold M is com- 
plete, since if M is complete, then for 5(p,ro) C M with ro finite we could always find optimally 
continuous bounds for the radial Ricci and sectional curvatures w.r.t. p (see ( [Z.lUp and ( [2.1 ip ). 
This implies that the assumption on the completeness of M is feasible. 

Theorem ^3] shows us a connection between the Dirichlet heat kernel and the Dirichlet eigen- 
value of the Laplacian. Here we would like to use this connection to give another ways to prove 
the following Cheng-type eigenvalue inequalities for the Laplace operator, which have been given 

mm. 



Theorem 6.8. IfM is a complete n- dimensional Riemannian manifold with a radial Ricci curvature 

-1)/' 

m 



lower bound {n — l)k{t) = —^^^—Trfr^ w.r.t. a point p E M, then, ro < min{Z(p),Z} with l{p) 



defined as in ( |2.4 ), we have 

MiBip,ro))<h{V„{p-,ro)). (6.7) 
On the other hand, ifM is a complete n-dimensional Riemannian manifold with a radial sec- 

m 



f" it) 

tional curvature upper bound k{t) = —^jhr w.r.t. a point p EM, then, for r^ < min{m j{p)J}, we 



have 

h{B{p,ro))>Xi{Vn{p+,ro)). (6.8) 
Here Ai (■) in and denotes the first eigenvalue of the corresponding geodesic ball. 
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Proof. Here we would like to use a method similar to that of theorem 1 in p. 104-105 of 
As before, denote separately the Dirichlet heat kernels of 5(p,ro), y„(p~,ro) by H{p,y,t) and 
H-{dM-{p^ ■,q)-,t), with r2{p,y) = dM{p-,y) = dM-{p^ ^q), where dM and dM- are distance func- 
tions on M and M , respectively. If M has a radial Ricci curvature lower bound {n — l)k{t) — 
— {n — l)f"{t)/f{t) w.r.t. p E M, and ro < min{Z(p), /}, then by Theorem we have 

H{p,p,t)>H^{0,t)=H^{r2ip,p),t) 
for all t > 0. Furthermore, by Theorem we can obtain 

CO 



(6.9) 



H{p,p,t) 



i=l 

OO 



with A/ = A,: ro)). A,; = A, {Vn{p , /"o)), and 0,-, the corresponding eigenfunctions. Together 

^f{0)+e-^~^^-~^'^'^i{0) + -- 



with (|6!9|) , it follows that 



-X]t 



> e 



<|)i2(;?)+e-(^2-^')>|(p) + --- 
which is equivalent with 

0f (;?) +e-(^2-^i)>|(p) + ■ ■ ■ > e(^>-^i> ^(0) +e-(^2-^i)'^|(0) -f ■ 



(6.10) 



Since ^f{p) > 0, (0) > 0, and A^ > Ai (resp., A^ > Ai) for any m > 2, letting t ^ °° in ( |6.10[ ) 
results in 



Ai-Ai <0, 



Ai (5(;?,ro))<Ai (K(;?-,ro)) 



which implies 



On the other hand, by applying Theorem |6^ and a similar method as above, we could easily 
obtain that for ro < min{m j{p)J}, the inequality 

Ai {B{p,ro))>Xi {Vn{p+,ro)) 

holds whenMhas a radial sectional curvature upper bound k{t) = —f" it) / f{t) w.r.t. p. Our proof 
is finished. □ 

Remark 6.9. In the above proof of Theorem when Ai (5(p,ro)) = Ai (yn{p^ ,rQ)), we can 
not get the characterization, B{p,rQ) is isometric to V„(p^,ro), for this equality as theorem 3.3 in 
In fact, if Ai {B{p,ro)) = Ai (y„(/>^,ro)) here, we could only obtain that \imt^o<,H{p,p,t) = 
limt^ooH- (0, t). We are not sure whether there exists some ?o < °° such that H{p,p, to) = H (0, to) 
or not, which leads to the fact that we could not use the characterization for the equality of ( ^^ 
in Theorem This can be seen as the limitation of this new way. The same situation happens to 
the equality Ai {B{p,ro)) = Ai (V«(p+,ro)). 
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